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Linear Systems

Solving Linear Systems

1.

True or False: If A is an m X n matrix such that rank(A) = m, then Az = b has a
unique solution for any b € R™.
[Answer]

. Determine all values k such that Az = b has a unique solution where

111
A=11 2 3 b=
1 4 k

DD = W

[Answer]

. True or False: If Ax = b has a unique solution, then A must be a square matrix.

[Answer]

4. True or False: An underdetermined system of linear equations Ax = b where A is an
m X n matrix with m < n always has at least one solution.
[Answer]
LU Decomposition
1. Consider the matrix
-3 1 2 0
3 1 =2 1
A= -6 2 5 1
-9 3 4 2
(a) Find the LU decomposition of A.
(b) Compute det(A).
[Answer]

2. True or False: If A is a n x n lower triangular matrix with LU decomposition A = LU,

then U is a diagonal matrix.
[Answer]

3. Consider the matrix

2 1 1 0
8§ 3 8 2
A= -4 -3 5 -1
2 =2 7 11

(a) Find the LU decomposition of A.



(b) Compute det(A).

[Answer]
4. Consider the matrix
1 1 -2 1
-4 -6 11 —6
A= -3 -5 11 -7
2 4 =15 15
(a) Find the LU decomposition of A.
(b) Compute det(A).
[Answer]

5. True or False: Let A be an m x n matrix with LU decomposition A = LU. If U has one
or more rows of zeros, then Ax = b has infinitely many solutions for any b € R™.
[Answer]

6. True or False: If A is a lower triangular matrix with LU decomposition A = LU, then
L = A and U = I (where [ is the identity matrix).

[Answer]

7. True or False: If A is a unit lower triangular matrix with LU decomposition A = LU,
then L = A and U = I (where [ is the identity matrix).

[Answer]
8. Consider the matrix
—4 3 =3 1
—4 7T 2 0
A= 16 —24 2 -2
12 3 19 -9
(a) Find the LU decomposition of A.
(b) Compute det(A).
[Answer]

9. True or False: Suppose A; and Ay are m xn matrices with LU decompositions A, = LU
and Ay = LU where U is the same matrix in both decompositions but L; # Ly. Then
rank(A;) = rank(As).

[Answer]



10. Consider the matrix

-3 2

-6 6

A= 0 4
3 =2

(a) Compute the LU decomposition of A.
(b) Compute det(A).

11. Solve Ax = b where

10 0 O -2 3
2 1 0 O 0 1
A= 0 -1 1 O 0 0
0o 0 4 1 0 0

12. Compute the LU decomposition of the matrix

1 =2
A= 2 —6
-3 5

O =~ W

2
6
-5

[Answer]
5
—4
b= 1
—2
[Answer]
[Answer]

13. True or False: A; and A, are m x n matrices such that A, = LU; and As = LU,. In
other words, the unit lower triangular matrix L is the same in both LU decompositions
(however the upper triangular matrices U; and U, are different). Then L(U; + Us) is the

LU decomposition of A; + A,.

[Answer]

14. True or False: Let n > 3 and consider the n x n matrix A with ones on the main
diagonal, ones on the upper and lower diagonals and zeros everywhere else:

1 1
1 1 1
1 1

The LU factorization of A does not exist.

[Answer]



15. Let A be an m x n matrix such that the LU decomposition exists. What is the maximum
number of elementary row operations required to compute the LU decomposition of A?

[Answer]

16. True or False: Let A = LU be the LU decomposition of a (nonzero) matrix A. Then L
is an invertible matrix.

[Answer]
17. Let
1 a b
A= L d e]
where a,b,c,d, e € R.
(a) Determine the matrices L and U in the LU decomposition of A.
(b) Under what conditions on a, b, ¢, d, e does A have rank 17
[Answer]
18. Consider the matrix
2 — 1
A=|4 1 5
2 1 3
(a) Compute the LU decomposition of A.
(b) Compute det(A).
[Answer]
19. Let A= LU and b € R?® where
1 0 0 2 3 1 1
L= 2 1 0 U=10 1 5 b= 10
-1 1 1 0 0 =3 0
(a) Compute det(A).
(b) Solve Ax = b.
(c) Find the top left entry of the matrix A=1.
[Answer]



Matrix Norm and Condition Number

1.

True or False: If A is an invertible n x n matrix such that ||Az| < ||| for all x € R",
then [[A7!]] > 1.

[Answer]
Determine ||A|| for the matrix
17v3 -1 5 0 0 1 30
A==
21 1 V3|0 2]|-1 0[]0 2
Hint: rotation in R? by angle 6 corresponds to matrix multiplication by
cosf —sinf
sinf  cosf
[Answer]
True or False: If A is any invertible matrix, then cond(A4) > 1.
[Answer]
Determine (approximately) the condition number of the matrix
] -
1 ¢ 1
1 ¢
where ¢ is very large positive number.
[Answer]

The figure below shows the image of the unit circle in R? under the linear transformation
A. Determine cond(A).




6.

7.

10.

11.

12.

13.

14.

[Answer]

Let A be a n x n matrix, and let @1, zy € R" such that || Az || = 5, ||Azs|| = 15, ||z1]| = 2
and ||x3|| = 1. Find a value C' > 1 such that C' < cond(A).

[Answer]
Let a and b be nonzero numbers and consider the matrix
a b
=]
(a) Compute || Al
(b) Compute cond(A).
[Answer]
. True or False: If A is an invertible matrix then |[A7!]] < [|A]|.
[Answer]
True or False: If A is an invertible matrix then || A||||A7Y| > 1.
[Answer]

True or False: Let A be am xn matrix. If [|[Az| < ||| for all € R™ then cond(A4) = 1.

[Answer]

True or False: If A is any invertible matrix then cond(A4) = cond(A™1).
[Answer]

Find a 2 x 2 matrix A satisfying ||A|| = |[|[A7!|| = 1 such that A is not the identity matrix
or show that such a matrix does not exist.
[Answer]

Counsider a matrix of the form

cosf) —sind
A= [ sin 0 0089]

with 0 < 6 < 27. The matrix A acts on a vector in R? by rotating it an angle 6
counterclockwise around the origin. Compute ||A|| and cond(A).
[Answer]

Find a matrix A such that cond(A) = 2||A]|.
[Answer]



Interpolation

1. The figures show different interpolating functions for the same dataset:

Figure A Figure B
5.0 5.0
25 25
0.0 0.0
-2.5 -2.5
-5.0 -5.0
-1.5 -1.5
-10.0 -10.0
-125 -12.5
0 2 4 3 8 10 0 2 4 6 8 10

Determine which figure corresponds to polynomial interpolation and which corresponds
to cubic spline interpolation. Justify your answer.

[Answer]
2. Let p(t) be the natural cubic spline which interpolates the data
0,1), (1,3), (2,8), (3,10), (4,9), (5,-1), (6,—17)
Suppose the coefficient matrix of p(t) is
1 =2 1 ay 1 1
0 3 -3 b —6 -3
1 4 4 cy —o —14
1 3 8 10 9 -1
(a) Determine the coefficients ay, by, ¢4.
(b) Determine the value p”(2.5).
[Answer]

3. True or False: There exists a unique polynomial p(t) of degree 2 (or less) such that

[Answer]



4. Consider 11 data points (to, ¥o), - - -, (t10, y10) such that ¢y —tx_; = 1 foreach k = 1,...,10.
Suppose the coefficient matrix of the corresponding natural cubic spline is given by

-1 2 6 -9 -1 3 2 8 3 —13
0o -3 3 21 -6 -9 0 6 30 39
2 -1 -1 23 38 23 O 20 56 125

-7 —6 =8 0 35 66 8 99 133 222

Determine the missing value L.
[Answer]

5. Setup (but do not solve) a linear system Az = b such that the solution

QLU O o2

determines the unique function of the form
f(t) = asin(nt) + bceos(nt) + csin(2nt) + d cos(2mt)

which interpolates the data (0,v0), (1/4,91), (1/2,92), (3/4,y3). The system depends on

Yo, Y1, Y2, Y3.
[Answer]

6. Find all polynomials p(t) of degree 3 (or less) such that

p(1) =p(=1)  p(=2) = =7p(0) p'(1) =3p'(-1) 5p"(1) = =7p"(=1)

[Answer]
7. True or False: The matrix
5 —1 —1 2 1
1 3 3 —1 2
-4 5 4 0 0
3 2 6 8 —7
is the coefficient matrix of a natural cubic spline for 6 data points (to, 4o), - - -, (5, y5) such
that t, —t,_1 =1foreach k=1,...,5.
[Answer]
8. Consider N + 1 points (tg,%0),- - -, (tn, yn). Suppose we want to construct an interpolat-

ing function p(t) defined piecewise by N functions py(t),...,pn(t) such that each py(t)
is defined on the interval [t;_i,tx]. Determine the number of equations the functions
p1(t), ..., pn(t) must satisfy to guarantee that p(t) interpolates the data and p/(t), p”(t)
and p”(t) are continuous.

[Answer]



10.

11.

12.

13.

. Find the unique function of the form

p(t) = a+ bt* + ct?

such that p(—1) =1, p’(1) =0 and p"(2) = —1.

[Answer]
Suppose p(t) is a natural cubic spline with coefficient matrix
2 -3 -2 2 0 1
c— 0o 6 -3 -9 -3 -3
- —1 5 C3 Cy —16 —22
1 2 dy dy 2 =17
such that p(t) interpolates (to, %o), - - -, (ts, ys) Where
t(]:O, tlzl, t2:2, t3:3, t4:4, t5:5, t6:6
and
pk(t) = ak(t — tk,1)3 + bk(t — tk,1>2 + Ck(t — tk,1> + dk
Determine the coefficients c3, ds, ¢4, dy.
[Answer]

Let a,b € R such that 0 < a < b. Find ¢ such that Ac = y where

1 —b b =0 b 0
1 —a a® —a® o 0
A=|1 0 0 0 0 y= |1
1 a o @& o 0
1 b b v b 0

Hints: (1) A is a Vandermonde matrix; (2) it is possible to determine ¢ without using
Gaussian elimination to solve the system.
[Answer]

Find the unique polynomial p(t) of degree (at most) 3 that interpolates the data points
(—1,0),(0,1),(1,2) and also satisfies p'(1) = 5.
[Answer]

The natural cubic spline p(t) which interpolates the points
(17 3)7 (27 1)7 (37 6)7 (47 6)7 (57 _3)7 (67 1)

has coefficient matrix

2 -3 -2 x —4
0O 6 y =z 12
-4 2 5 =7 -4
3 1 6 6 =3



14.

15.

16.

17.

18.

(a) Determine the missing values z, y and z.

(b) Calculate the value p(3.5).

[Answer]

Find the unique polynomial p(t) of degree (at most) 3 that interpolates the data points
(—=1,0),(0,2),(1,2) and also satisfies p/(1) = 1.
[Answer]

Consider N + 1 data points (to, %), - - ., (tn, yn) Where t; # t; (i # j). Suppose we want
to construct a spline p(t) consisting of N quadratic polynomials

pk(t) = ak(t — tk_l)Q + bk(t — tk—l) + Cr t e [tk—lytk:] s k’ = 1, Ce ,N

such that p(t) interpolates the data: p(tx) = vk, £ = 0,1,..., N. Is it always possible to
find p(t) such that p'(t) is continuous? Explain.

[Answer]
Does there exist a unique function of the form
f(t) =co+ cre’ + coe™
which satisfies f(0) = a, f'(0) = g and f”(0) = v for any «, 8 and 7?7 Explain.
[Answer]
Suppose p(t) is a natural cubic spline with coefficient matrix
1 -2 1 Qg -5 6
Cc— 0 3 —3 by by —18
10 3 3 0 -3 ¢
2 3 7 8 7 -4
such that p(t) interpolates (to,yo), - .., (ts, Yg) Where
t(]:O, tlzl, t2:2, t3:3, t4:4, t5:5, t6:6
and
Pe(t) = ar(t — tie1)® + bt — tr—1)® + cr(t — te1) + die
Determine the coefficients ay, by, b5, cg.
[Answer]
Find all polynomials p(t) of degree 3 (or less) such that
p(=1) =1, p(1)=2, p'(-1) =p/(1) =0
[Answer]

10



19.

20.

21.

22.

23.

True or False: If A is the Vandermonde matrix for the data

(—=2,1),(—1,2),(0,1),(1,2),(1,1)

then det(A) = 0.

[Answer]
Find the unique function of the form
f(t) =co+ cre’ + coe™

which satisfies f(0) = a, f/(0) = 5 and f”(0) = . (The answer depends on «, § and 7.)

[Answer]
Suppose p(t) is a natural cubic spline with coefficient matrix
1 -2 1 -1 =5 6
c_ 0 3 -3 0 -3 —18
|10 3 3 g =3 =24
2 3 d3 dy 7T —4
such that p(t) interpolates (to, %o), - - -, (ts, ys) Where
tOIO, tlzl, t2:2, t3:3, t4:4, t5:5, t6:6
and
pk(t) = ak(t — tk_1)3 + bk(t — tk_1>2 + Ck(t — tk—l) + dk
Determine the coefficients c3, ds, ¢4, dy.
[Answer]
Find the unique polynomial p(t) of degree (at most) 3 which satisfies
p)=1  p(1)=1  p'(1)=6  p'(-1)=-6
[Answer]

True or False: Consider points (t, yo), - - -, (tn,yn) such that tg < t; < --- < txn. There
exists a unique function p(t) defined piecewise by quadratic polynomials p;(t), ..., pn(%)
such that:

k(1) is defined on [ty_1,tx] for each k =1,..., N
(t;) =vy; foreachi=0,...,N

(t) and p/(t) are continuous on [tg, ty]

'(to) = p'(tv) = 0.

=T~ T~ T~

11



[Answer]

24. Find the unique cubic polynomial p(¢) which satisfies

p(-1)=-1, p(0)=1, p(1)=1, p'(1)=5

[Answer]
25. The matrix
-1 2 3 -4
0 -3 3 12
¢= 3 0 0 15
—1 1 0 6
is the coefficient matrix of a natural cubic spline p(t) for 5 data points where
to=0, ti=1, tg=2, t3=3, t,=4
4
Compute / p(t)dt.
0
[Answer]

26. Suppose we have four data points (0, 2), (1, 3),(2,2), (3,5) and we want to interpolate the
data using a polynomial of the form

q(t) = do + dit + dot® + dst® + dyt?,
such that ¢(t) also satisfies ¢"”(0) = 0 (the fourth derivative of ¢(t) at t = 0 is 0).

(a) Set up (but do not solve) a linear system Az = b where the solution is the vector
of coefficients
do
dy
Tr = dg
ds
dy

(b) Explain why the system has a unique solution.

[Answer]

27. Consider the data points (0,2), (1,1). We want to find a polynomial of degree at most 3
p(t) = co + it + cot® + cst?

such that p(t) interpolates these data points and it also satisfies p/(0) = 1 and p/(1) = —2.

12



(a) Write the corresponding system of linear equations in ¢y, ¢y, co, c3.

(b) Solve this system to find the values of cq, ¢1, ¢z, c3.
(c) Calculate p(2).

28. Consider the data points (0,1), (1,2), and (2, 1).

[Answer]

(a) Find the degree 2 polynomial p(¢) that interpolates these points.
(b) Let f(t) = 1+ sin (%) be the underlying function that generated the data points.

Compute the approximation error |f(1.5) — p(1.5)].

[Answer]

29. Consider the data points: (0,1), (1,2), and (2,1). We now want to fit a cubic spline to
these data points, that is, to the data points (0,1),(1,2),(2,1). Determine the missing
coefficients, as, by, 1, ¢o, do in the coefficient matrix of the natural cubic spline

—0.5 a9
c_ 0 by
C1 Cy
dy 2
Orthogonality
Subspaces
1. Determine whether or not the set
a
U= bl e R?:abe=0
c

is a subspace of R3. Justify your answer.

2. Determine whether span{u;, us} = span{us, us} where

9 _5 ~1
-3 1 _5
=1 4 2=1 o9 Us=1 4
1 —92 4

13

[Answer]

[Answer]

—11
Uy =

—10

[Answer]



. Determine all values ¢ such that the vectors

—1 2 4
u; = —2 U9 = 3 us = 5)
) —6 c—1
are linearly independent.
[Answer]
. Determine all values ¢ such that the vectors
-1 2 4
u = | —2 Uy = 3 Uz = c
5 —6 —4
are linearly independent.
[Answer]
. True or False: If A% =0 then R(A) C N(A).
[Answer]
. True or False: Let A and B be m x n matrices. Then the set
U={xecR": Ax = Bx}
is a subspace of R".
[Answer]
. True or False: If {u, us, u3} is a basis of a subspace U C R" then
{’U,1+UJ2+’U/3 s U1+U3 s ’LL1—U2+’U,3 }
is also a basis of U.
[Answer]

. True or False: Suppose A; and A, are m xn matrices such that A; = LU; and Ay = LUs.
In other words, the unit lower triangular matrix L is the same in both LU decompositions
(however the upper triangular matrices U; and U, are different). If rank(A;) < rank(As)
then R(Al) Q R(AQ)

[Answer]

. Suppose A = LU where L is a unit lower triangular matrix and

2 1 0 -3 -2 3
o 0 1 -1 4 1
o 0 0 0 5 6
o 0 0 0 0 -1

U=

Let ay,as, as, a4, as, ag € R* be the columns of A
A= a; as a3 a4 as ag

Determine if the statement is True or False:

14



a) The dimension of span{a, as, as,a,} is 2.

(¢) dim(N(A4)) = 3.

(d) The set {aq, a4, as,ap} is a basis of R(A).

10. Consider the matrix
-1
-1
3
0

A:

(a) Find the LU decomposition of A.
(b) Find a basis for R(A).

1

—1

3

12

0
3
-9

—18

11. True or False: If A =0 then R(A) C N(A).

(a)

(b) The vectors as, a4, as are linearly independent.
)
)

12. True or False: If {u, us, u3} is a basis of a subspace U C R" then

{U1—|—’LL2,UQ+U3, 'lL1+'U,3}

is also a basis of U.

[Answer]
—6 2
-8 3
29 —6
7 -9

[Answer]

[Answer]

[Answer]

13. True or False: Suppose A; and A, are m xn matrices such that A; = LU; and Ay = LUs.
In other words, the unit lower triangular matrix L is the same in both LU decompositions
(however the upper triangular matrices U; and U, are different). If rank(A;) > rank(As)

then R(A;) C R(A,).

14. Consider the matrix
2

-2
—6
—10

A:

(a) Find the LU decomposition of A.
(b) Find a basis for R(A).

—4

(=]

15

)
—11
=27
—19

[Answer]
-6 -3
8 —1
22 =2
28 31
[Answer]



15.

16.

17.

18.

19.

20.

21.

True or False: Consider the set

Then U is a subspace of R3.

[Answer]
True or False: If A and B are n x n matrices, then N(B) C N(AB).
[Answer]
Let {wu1,us,us} be a basis of a subspace U C R". Is the set
{ur,u; + w2, uy + us + us}
also a basis of U? Explain.
[Answer]
Consider the matrix
1 3 4 -1 =2
A= -3 -4 -9 4 8
4 2 10 0 -7
(a) Compute the LU decomposition of A.
(b) Determine dim(N(A)) and dim(R(A)).
[Answer]

Find all values of x such that the vector w lies in the plane spanned by the vectors v and
w where

x 3 4
u = 2 v=| 2 w = 1
-5 1 -2
[Answer]
True or False: If A and B are n x n matrices, then R(A) C R(AB).
[Answer]

Consider the matrix
1 3 4 -1 =2

A= -3 -4 -9 4 8
4 2 10 -6 —12

16



22.

23.

24.

25.

26.

27.

28.

29.

(a) Compute the LU decomposition of A.
(b) Determine dim(N(A)) and dim(R(A)).

[Answer]
True or False: If A and B are n X n matrices, then
dim(R(A+ B)) < dim(R(A)) + dim(R(B))
[Answer]
True or False: The subset U = { {Z} ra = bz} is a subspace of R
[Answer]
Consider the vectors
1 2 1 4
u,= |0 Uy = 3 vi=| —1 vo= 1|1
1 —1 2 3
Determine whether span{u;, us} = span{vy, vs}.
[Answer]
True or False: If A and B are n X n matrices, then
dim(N(A+ B)) = dim(N(A)) + dim(N(B))
[Answer]

Suppose A is a 4 x 5 matrix such that dim(N(A)) = 3. Let x;, s, x3 € R® be any
vectors which are not in the nullspace of A. Are the vectors Az, Azy, Axs € R?* linearly
independent? Explain.

[Answer]

True or False: There exist (nonzero) vectors wi, us, us, uy € R? such that
(U1, uz) = (ug, uz) = (uz, ug) = (ug, u1) =0

[Answer]
True or False: If A is a m x n matrix, then N(ATA) = N(A).

[Answer]
True or False: If A is a m x n matrix, then R(ATA) = R(AT).

[Answer]

17



30. Let A be an n x n matrix such that AT = —A and consider the set
U={xcR": 2" Az = 0}

Is U a subspace of R"?

[Answer]
31. Consider the matrix
11 0 0
A=1]1 -2 3 0
0O 1 -1 -1
(a) (4 marks) Find the LU decomposition of A.
(b) (2 marks) Find a basis for N(A).
[Answer]
32. True or False: Let A and B be n x n matrices. If AB = 0 then
rank(A) + rank(B) < n
[Answer]

33. Let n > 2 be an integer, let u,v € R" be linearly independent vectors and let A =
uu’ + vv’. Determine dim(N(A)) and dim(R(A)).

[Answer]
34. Let
1 4 3 5
x 1 2= | T3 = L Ty = 0
s 278 T3 T
1 2 1 1
and
A= L1 To I3 T4
In other words, the vectors @1, x5, €3, 4 are the columns of A.
(a) Is the set {x1, xo, x3, x4} linearly independent?
(b) Does the set {x1, s, T3, x4} span R*?
(c) What is dim N(A)?
[Answer]

18



35.

Let

1 1 2 1
2 7 2 e
1= 2= 19 T3 =1 Ta= 1y
4 3 1 3
and
A= |x; T2 3 X4

In other words, the vectors @, ®s, €3, x4 are the columns of A.

(a) Find a basis for R(A).
(b) Find a basis for span{a, x2, €3, 1 + T2 + x3}.
(c) What is dim N(A)?

[Answer]

Orthogonal Subspaces

1.

True or False: Let U C R® be a subspace such that dim(U) = 2. There exists a subspace
V C R® such that dim(V) =4 and V is orthogonal to U.

[Answer]

True or False: If U; and U, are orthogonal subspaces of R”, then the orthogonal com-
plements Uit and U3 are orthogonal. In other words, if U; L U, then Uit 1 Us-.
[Answer]

True or False: There exist (nonzero) vectors wy, us, us, us € R3 such that

(ug,u2) = (ug, uz) = (uz,uy) = (ug,u;) =0

[Answer]

. True or False: Let U C R such that dim(U) = 2. There exists a unique subspace

V C R® such that dim(V) =2 and U L V.

[Answer]
. True or False: If U,V C R" such that U L V then dim(U) 4 dim(V') = n.
[Answer]
1 2
. Find an orthogonal basis for the subspace U = span 21, 0
0 -1
[Answer]

19



7. True or False: If A is a real matrix with orthogonal columns, then AT A is a diagonal
matrix.

[Answer]
8. Let U = span{v;,vs} C R?* where
2 1
- 1 | -2
V1 = 3 Vo = 0
—1 2
(a) Show that vy, v, are linearly independent and hence dim(U) = 2.
(b) Find a basis for U*.
[Answer]
Fundamental Subspaces of a Matrix
1. Let a,b € R such that a # b and consider the matrix
a b a b a b
ba b a b a
A=|a b a b a b
b a b a b a
a b a b abd
Determine the dimension of N(A)*.
[Answer]
2. Let a,b € R such that a # b and consider the matrix
a b a b ad
a b a b ad
A=1|b a b a b a
b a b a b a
a b a b a b
Determine the dimension of R(A)*.
[Answer]

3. Consider a matrix A with LU decomposition A = LU where
0

N O ==
N O~ O
_ o O O
o OO =
O OO W
o OO =
O O = O
O = O O

0
1
0
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Determine the dimension of N(A)+.

4. Consider a matrix A with LU decomposition A = LU where

1 000

1 100
L= 0010 U=

2 2 01

Determine the dimension of N(A)*.

5. Consider the matrix

-1 -2 =2
A= 4 10 11
-3 -2 0

(a) Compute the LU decomposition of A.
(b) Determine the dimension of N(AT).
(¢) Find a basis of N(A).

6. True or False: If A is a symmetric matrix then N(A)+

7. Determine the dimension of R(A)* where

1 2 3 4
2 3 45
A=13 4 5 6
4 5 6 7
5 6 7 8
8. Consider the matrix
1 4 -1
-1 -5 1
A= 2 8 0
1 3 =2

(a) Find the LU decomposition of A.
(b) Find a basis of R(A)*.
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— = O O

[Answer]

[Answer]

[Answer]

[Answer]
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9. Find the dimension of R(A)* for the matrix

1 2 3 21
21 2 3 2
A=1|3 2 1 2 3
2 3 21 2
1 2 3 21

[Answer]

[Answer]

10. Consider a 6 x 3 matrix A with rank(A) = 2. Determine the dimensions of the subspaces

N(A), R(A), N(AT) and R(AT).

11. True or False: There exists a matrix A such that R(A) = N(A).

Orthogonal Projection

[Answer]

[Answer]

1. Find the orthogonal projection matrix P which projects onto U = span{u;, us, w3} where

1 1 1
1 1 0
=14 U2=1 4 Us= | o
1 1 1

[Answer]

2. Find the orthogonal projection matrix P which projects onto U = span{uy, us, us} where

1 1 -2
1 | -1 B 0
u; = 1 U2 = 1 u3 - 1
1 1 1
)
3. Find the shortest distance from & = |3| to the plane in R? given by
7
x
U={ |yl eR®: 22 —y+32=0
z

22
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5
4. Find the shortest distance from & = [3| to the plane in R? given by

7
s
U={ |yl eR®:2—-3y+2=0
2

[Answer]

5. True or False: Let U; and U, be subspaces of R”. Let P; be the projection onto U; and
let P, be the projection onto Us. If PiP, = 0 then U; and U, are orthogonal subspaces.

[Answer]

6. Find the shortest distance from x to U = span{u;, us} C R* where

Uy =

— = = =
O DN = =
—_— O = O

[Answer]

7. True or False: Let P be the projection matrix onto a subspace U C R® with dim(U) = 4.
Then the rank of the matrix I — P is 4.
[Answer]

8. If P is a 5 x 5 projection matrix such that rank(P) = 2 then determine the dimension of
the nullspace N (P).

[Answer]
9. Find the projection matrix P which projects onto U = span{u;, us, u3} where
-1 1 1
B 1 - 0 | -1
u, = 1 Uy = 9 Uz — _1
2 -1 1
[Answer]
10. True or False: The matrix
1 1 2 3
=——12 4 6
vVIidis 6 9
is the projection matrix onto a subspace U such that dim(U) = 2.
[Answer]
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11.

12.

13.

14.

15.

16.

17.

18.

Find the shortest distance from & to U = span{us, us, u3} where

U = Uy = U3 =

N = O =
—_— O = O

1
1
1
1

[Answer]

True or False: Let P, be the projection matrix onto the subspace U; C R™ and let P
be the projection matrix onto the subspace Uy C R". If P,P, = 0 then U; L Us.

[Answer]
Determine the values a1, as, as, a4, as, ag, a7 such that the matrix
1 1 ay 2
P=—13 o A3
ary
a4 QA Qg
is the projection matrix onto a vector u.
[Answer]

True or False: Let P, be the projection matrix onto the subspace U; C R"™ and let P
be the projection matrix onto the subspace Uy C R". If P,P, = 0 then U; C Us.

[Answer]
Determine the values a1, as, as, a4, as, ag, a7 such that the matrix
1 1 aq —1
P=— 14 Qo asg
ar
a4 Q5 Qg
is the projection matrix onto a vector w.
[Answer]

True or False: Let P, be the projection matrix onto the subspace U; C R™ and let P
be the projection matrix onto the subspace Uy C R™. If P,P; = 0 then U; L Us.
[Answer]

True or False: Let P, be the projection matrix onto the subspace U; C R™ and let P
be the projection matrix onto the subspace Uy C R™. If Uy C Uy then PP, = Ps.

[Answer]
Compute the projection of  onto N(A”) where
1 11
1 2 1
T A=10 2
1 1 3
[Answer]
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19. Find the orthogonal projection matrix P that projects onto the plane spanned by

1
u, = 3
0

20. Consider the matrix A with LU decomposition A = LU where

U:

Find the shortest distance from @ to R(AT) for the vector

2
U9 = 7
1
[Answer]
11011
0120
0011
)
1
1
2
1
2
[Answer]

21. True or False: Let u,v € R™ be nonzero vectors such that (u,v) = 0. Let P, be the
projection matrix onto w and let P, be the projection matrix onto v. Then the projection

matrix onto span{u,v} is P, + P».

22. Find the shortest distance from b to R(A) where

1

s
Il
— = O

0

—_ O =

0
1
1
1
1

[Answer]
)
1 1
1 —1
1 b= 1
1 —1
1 1
[Answer]

23. True or False: Let P; be the projection matrix onto U C R" and let P, be the projection
matrix onto U+ C R™. Then P, + P, = 0.

[Answer]

24. Find the projection matrix P that projects onto U = span{u;, us} where

1
0
Uy = 1
2
[Answer]
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25. True or False: Let A, B be n X n matrices that are orthogonal projections. If R(A) L
R(B), then A+ B is an orthogonal projection.

[Answer]
26. Let {1, x2} be a basis of the subspace U C R?® where
1 1
r1 — 1 Lo — 0
0 1
(a) Find a 3 x 2 matrix A such that U = N(AT)+.
(b) Find a basis for U+.
(c) Construct an orthogonal projection matrix which projects onto U.
[Answer]

27. True or False: Let A be a nonzero n x n projection matrix. If y is a nonzero vector in
R(A), then y is not in N(A).
[Answer]

28. Let U = span{z} C R? where

(a) Construct the projection matrix which projects onto U.

(b) Find a projection matrix P such that N(P) = U. (Hint: such a matrix P must
satisfy R(PT) = N(P)* =U*t))

(c) Find a basis for U*.

[Answer]
29. Let P be the projection matrix onto span{w, v} where
1 1
u= |0 v= |0
0 1
Compute (I — P)"(P*x — (I — P)*z) where
1
Tr = 2
-3
[Answer]
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30. Consider the subspace W = span{w;, w,, w3} C R* where

w, =

SN DN
—_ == O

(a) Show that w;, ws, ws are linearly independent.
(b) Use Gram—Schmidt to produce an orthonormal basis {u, us, ug} of W.

(¢) Compute the projection matrix P that projects onto W.

[Answer]

QR Decomposition

1. True or False: If A is an n x n symmetric matrix such that A% = I, then A is orthogonal.

[Answer]
2. Suppose A = Q1R where
A ERE 11
Ql = 3 Rl = 0 -2 —
211 -1 -1 0 0 1
1 1 -1
Compute the projection of v onto R(A)* for
1
B 2
R
3
[Answer]

3. True or False: If A is an n x n orthogonal matrix such that A% = I, then A is symmetric.

[Answer]

4. Suppose A = Q1 Ry where

1 1 1 q 1 9
111 -1 -1
211 -1 1 0 0 1
1 1 -1
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Compute the projection of v onto R(A)* for

[Answer]

. Determine the values of a, b and ¢ such that

1/V18 a  2/3
Q= | 1/VI8 1/v2 b
—4/\/1_8 0 c

is an orthogonal matrix.
[Answer]

. Consider the matrix A = Q1 R; where

1 1]
-1 1
-1 -1

1 —1 |

R, =

—_
== = =
S O N
O~
_ o

Compute the orthogonal projection of v onto N(AT) where

[Answer]
. Suppose A = Q1 Ry where

1 1
-1 1
-1
1 -1

)
iy
I
|
— = =
|
—_

Find the least squares approximation Ax = b for

2
1
-1
1

b:

[Answer]

28



10.

11.

12.

. Determine values a, b and ¢ such that

1/vV2 a 1/V/18

Q= 0 1/3 b
1/vV2 2/3 ¢
is an orthogonal matrix.
[Answer]
Consider the matrix A = Q1 R; where
| 211
Q1= - Ri=[1010
. 00 1
-1 1 -1
Compute the orthogonal projection of v onto N(AT) where
1
B 2
L |
3
[Answer]

True or False: Let A be an m x n matrix with rank(A) = n. Let A = QR be the QR
decomposition with

Q=10 Q] r= o]

where A = QR is the thin QR decomposition. The projection of £ € R™ onto R(A)*+
is equal to Q,Q7 .

[Answer]
Find the thin QR decomposition of
—1 1 1
1 2
A=11 0 4
1 -1 1
[Answer]

-1 0 1 0 2v/2  —/2
1 _
gL | 0 1 01 R | 0 —2v2
V2l 0o -1 o0 1 0 0
1 0 1 0 0 0
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13.

14.

15.

16.

17.

18.

Determine the shortest distance from a to R(A) where

[Answer]

True or False: Let A be a m X n matrix such that rank(A) = n and let A = Q1 R; be
the thin QR decomposition. Then QTQ, = I.
[Answer]

True or False: Let A be a m X n matrix with rank(A) = n and let A = QR be the QR
decomposition of A with Q@ = [@Q1 Q2] where A = Q1 R; is the thin QR decomposition.
Then R(Q,) = N(AT).

[Answer]
Let A = QR; and & € R* where
1 1 2
11 -1 1 -4 5 1
@=50 1 Rl_{ 0—2} T
1 -1 a
where a € R. Find the value a such that @ is nearest to the subspace R(A).
[Answer]

True or False: Let A be a m x n matrix with rank(A) = n and let A = QR be the QR
decomposition of A with Q@ = [@Q; Q2] where A = Q1 R; is the thin QR decomposition.
Then QTQ, = 0.

[Answer]

True or False: Let A be a m x n matrix with rank(A) = n and let A = QR be the QR
decomposition of A with @ = [@Q1 Q2] where A = Q1 R; is the thin QR decomposition.

Then QlQ{ = [ — QQQ%

[Answer]
Compute the thin QR decomposition of the matrix
2 1 0
A=ty
0 1 1
[Answer]
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19. Let A be a m x n matrix with rank(A) = n and m > n. Let A = Q1R; be the thin QR
decomposition. Show that (ATA)7'A” = R{'QT.

[Answer]
20. Compute the thin QR decomposition for the matrix
1 0 5
0 -3 4
A= | =2 1 -3
0 -5 4
2 1 —1
[Answer]

21. True or False: Let A be a m x n matrix such that the columns are orthogonal and let
A = QR be the QR decomposition. Then R is a diagonal matrix.

[Answer]
22. Find a thin QR decomposition of
1 -1
A=12 0
2 2
[Answer]
23. Let
-2 0
2 —1
A= 2 —1
-2 0
(a) Compute the thin QR decomposition A = Q1 R;.
(b) Compute the projection matrix P; which projects onto R(A).
(c) Compute the projection matrix P, which projects onto R(A)L.
[Answer]

24. Let A = Q;R; and x € R* where

1/2 —5/6 1
|12 1/ 42 | -
@= 112 3/ = [0 3] T
/2 1/6 -1

(a) Compute Py where P; is the projection matrix which projects onto R(A).
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(b) Compute P& where P, is the projection matrix which projects onto R(A)*.

[Answer]

Least Squares Approximation

1. Use least squares linear regression to find the linear function f(t) = ¢o + ¢t that best fits
the data points (0, 1), (1,3), (3,4) and (4, 3).

[Answer]
2. Suppose A = Q1R where
R 2 11
211 -1 —1 00 1
1 1 -1
Find the least squares approximation Ax = b for
1
3
b= 2
-1
[Answer]
3. Consider the matrix
1 -1 1
1 0 2
A=1 0 1 1
-1 - 0

(a) (5 marks) Compute the thin QR decomposition A = Q1 R;.

(b) (3 marks) Use the thin QR decomposition to find the least squares approximation
Ax =~ b for the vector

O N ==

[Answer]

4. The figure below shows 200 data points (t1,y1), - - -, (t200, Y200)
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Determine (approximately) the least squares approximation Ac ~ y where

5. Let A = QR be the thin QR decomposition of A, and let b € R* where

°
204+
o";:.
°
0%% |o
1.5 A o %
1YY o
e &
° .:v‘;/ o.' P .’ *le
1.0+ * *— oY, :..”'..o'..:'..tu
."' 5'. .“".0 .'ﬂ.o:.'o“ °
o® a%e
g oe
0.5 ’“.4-0.
LN
c....
*®
0.0 A g
T T T T T T T T T
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

| T - A
1ty 3t

1 tigy tlgy tigg

|1 taoo 300 1300 ]

1 -1
111 1
1 -1

(a) Find the projection of b onto R(A)~.

2 1
=[5

(b) Find the least squares approximation Ax ~ b.

6. Let A= Q,R, and b € R* where

1

-2

0

112 0 -2
Q1 = 312 1 2 Iy =
0 2 —1

Find the least squares approximation Ax = b.
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7. Use least squares approximation to find the function of the form f(t) = ¢o + ¢t which
best fits the data (—2,—1), (—=1,0), (0,0), (1,1) and (2,2).
[Answer]

8. Setup but do not solve a linear system Ac = y such that the least squares solution c is

the vector of coefficients of the function

Co
f)=co+ce’+ete™, c= |
Ca

which best fits the data (0,0), (1,3), (2,2), (3,1), (4,1), and (5,1).

[Answer]
9. Let A= QR be the thin QR decomposition of A, and let b € R* where
1/vV6 —1/V/6 —1//3 VB 26 B 1
0 =] 0O 2/V6 0 Ri—lo V6 2G| b=|?
! 2/V/6 0 1/v3 ! Y 0
1/v/6  1/V/6 —1/3 2

(a) Find the projection of b onto R(A)~.
(b) Use the thin QR decomposition of A to find the least squares approximation Az =~ b.

[Answer]
10. Calculate the least squares solution Ax ~ b where
1 2 0
A=1]1 -1 b= 1
1 -1 -1
[Answer]
11. Let A = Q1R where
1/3 —2/3 3 4
2/3  2/3
Find the least squares approximation Ax =~ b where
1
b= |1
3
[Answer]
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12. Let « € R, b € R*, let A be a 4 x 2 matrix with QR decomposition A = QR and suppose
x is the least squares solution of Ax ~ b where

1111 1 a 1
11 -1 1 -1 0 1 -1 2
©=311 1 -1 4 =10 0 b=1 "”_M
1 -1 -1 1 0 0 0

(a) Compute a.
(b) Compute the residual norm ||Ax — b]|.

(¢) Compute the squared norm of the projection of b onto the column space of A.

[Answer]

13. Let A = Q1R where

-5 3 -1 6
1 -1 2
1
Q== 2! Ri=|0 2 3 b=| 2
6| -1 1 3 0 o0 s ~12
-1 -1 5 —6

Setup and solve a linear system Bc = y where the solution is the least squares approxi-
mation of Ax ~ b.

[Answer]
14. Let f(t) = ¢ + ot + c3t* and consider the data
0,-1),(1,2),(2,-1),(-1,2),(-2,1)

Setup and solve a linear system Ac = y where the solution ¢ is the vector of coefficients
¢1, 2, c3 such that f(t) best fits the data.

[Answer]
Eigenvalues and Eigenvectors
Eigenvalues and Eigenvectors
1. Let uy,up € R?® such that ||ui|| = a > 0, |Juz|| = b > 0, and (uy,us) = 0. Let
uz € R3 such that ||usz| = 1 and (uy,u3) = (ug, uz) = 0. Determine the eigenvalues and
eigenvectors of the matrix
A=wul +uyul
[Answer]
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10.

11.

. Suppose A is a m x n matrix with m > n such that det(ATA) # 0. Determine the

algebraic multiplicity of the eigenvalue A = 0 for AAT.
[Answer]

. True or False: Let \;, \» € R such that \; # )y, and let v1,v5 € R? be nonzero vectors

such that (vy,vs) = 0. There is a unique 2 X 2 symmetric matrix A such that Av; = A\
and Avy = As.

[Answer]
. True or False: There exists a 3 x 3 symmetric matrix A such that the vectors
2 1 —4
1 1 7
are eigenvectors of A.
[Answer]

. True or False: Let A and B be n x n symmetric matrices. The matrices AB and BA

have the same set of eigenvalues.
[Answer]

. Let A be a m x n matrix with rank(A) = n, and let A = @1 R; be the thin QR decom-

position. Determine the characteristic polynomial of Q;Q7.
[Answer]

True or False: Suppose A and B are n X n matrices with the same characteristic poly-
nomials det(A — z/) = det(B — z[). Then A = B.
[Answer]

. True or False: If ) is an eigenvalue of A, then A — o is an eigenvalue of A — o[ for any

oecR.
[Answer]

. True or False: If A is a n xn matrix with characteristic polynomial c4(z) = 2" " (z—1)"

for some integer 0 < m < n then A is a projection matrix onto a subspace U C R" with
dimension m.
[Answer]

True or False: Let A, B be n x n matrices. If v is an eigenvector for both A, B, then v
is an eigenvector for AB.
[Answer]

True or False: Let A be an n x n matrix. If A is an eigenvalue of A, then A 4+ 1 is an
eigenvalue of A + I.
[Answer]
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12. True or False: Let A be a n x n matrix such that A” = —A. Then all eigenvalues of A
are purely imaginary (that is, every eigenvalue takes the form A\ = bi where b € R and

i = v/—1).

[Answer]
Diagonalization
1. Suppose A is a 4 x 4 matrix with characteristic polynomial
ca(r) = (2 +2-2)(2* — 2 —2)
Is A diagonalizable? Justify your answer.
[Answer]

2. Consider the matrix
. 15
151

(a) Find matrices P and D such that A = PDP~1.

(b) Compute the limit
lim Ap*AF
k—o0

where \; is the largest eigenvalue (in absolute value). In other words, if A\; and A,
are the eigenvalues of A then || > |Ay].

[Answer]
3. Suppose A is a 4 x 4 matrix with characteristic polynomial
ca(z) = (2% + 3z + 2)(2* — 32 — 2)
Is A diagonalizable? Justify your answer.
[Answer]

4. Consider the matrix
L2 06
16 27
(a) Find matrices P and D such that A= PDP™!.
(b) Compute the limit
lim A;*A*

k—o0

where \; is the largest eigenvalue (in absolute value). In other words, if A; and A,
are the eigenvalues of A then |[A\;| > |Aq].

[Answer]
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5. True or False: If A is a 3 x 3 matrix with eigenvalues Aj, A2, A3 € R and corresponding
eigenvectors

1 1 1
v = -1 Vo = 2 V3 = 0
1 1 -1

then A is a symmetric matrix.
[Answer]

6. Consider the matrix
A 22
=2 5|
(a) Find matrices P and D such that A = PDP~1.
(b) Compute the limit
lim A;~A*
k—o0

where \; is the largest eigenvalue (in absolute value). In other words, if A; and Ay
are the eigenvalues of A then || > |Ay].

[Answer]

7. True or False: If A is a 3 x 3 matrix with eigenvalues A{, Ay, A\3 € R and corresponding
eigenvectors

1 1 1
V1 = -1 Vo = 3 V3 = 0
1 1 —1

then A is a symmetric matrix.
[Answer]

8. Consider the matrix
A 3 -2
=2 0|
(a) Find matrices P and D such that A= PDP™L.
(b) Compute the limit
lim A;~A*

k—o0

where \; is the largest eigenvalue (in absolute value). In other words, if A; and Ay
are the eigenvalues of A then |[A;| > |Aq].

[Answer]
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10.

11.

12.

13.

14.

15.

. Determine all values ¢ such that the matrix

3 ¢
=[]
is orthogonally diagonalizable. In other words, find all possible values ¢ such that there
exists a diagonal matrix D and orthogonal matrix P such that A = PDPT.

[Answer]
True or False: If A is any 4 x 4 matrix with characteristic polynomial
ca(z) = (2% + 20 — 2)(2* — 22 — 2)
then A is diagonalizable.
[Answer]
Find the orthogonal diagonalization A = PDPT of the matrix
1 11
A=11 3 1
1 11
The characteristic polynomial of A is c4(z) = 2% — 5% + 4z.
[Answer]

True or False: There exists a diagonalizable matrix A with characteristic polynomial

ca(z) = (z = 1)*(z — 2)°

[Answer]

True or False: There exists a 3 x 3 symmetric matrix A with distinct eigenvalues such
that the vectors

2 1 1
V1 = -1 Vo = 3 V3 = 0
1 1 -3

are eigenvectors of A.
[Answer]

True or False: If A and B are n x n diagonalizable matrices such that any eigenvector of

A is also an eigenvector of B, and any eigenvector of B is also an eigenvector of A, then
AB = BA.
[Answer]

True or False: If A is a diagonalizable matrix, then A is invertible.
[Answer]
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16.

17.

18.

19.

20.

21.

22.

Find the unique symmetric matrix A with eigenvalues \y = 1, Ay = 3, A3 = —1 and
eigenvectors v, and v, corresponding to A; and Ay respectively where

1 2
V1 = 2 Vo = 1
2 -2
[Answer]
Consider the matrix
4 1 1
A=| -1 2 1
00 3
with characteristic polynomial c4(z) = (z — 3)%. Is A diagonalizable? Explain.
[Answer]

True or False: Let P be the projection matrix onto a subspace U C R™. Then P is
diagonalizable.

[Answer]
The matrix
4 2 =2
A= 2 -1 1
-2 1 7
has distinct eigenvalues A, Ao and A3 where A\; = 4 and A\ = —2 with corresponding
eigenvectors
2 2
V1 = 1 Vo = -5
1 1
Find the eigenvalue 3.
[Answer]

True or False: If A is a n X n symmetric matrix such that |\;| < 1 for all eigenvalues
A1, ..oy A then A% — 0 as k — oo (where 0 is the zero matrix of size n).
[Answer]

True or False: Let vy,...,v, € R" be an orthogonal set of (nonzero) vectors. There is
a unique n X n symmetric matrix A such that vq,...,v, are eigenvectors of A.
[Answer]

Let A be a 2 x 2 matrix. Suppose that

N(A—I)zspan{m} N(A+2I)28pan{BH

Find an invertible 2 x 2 matrix S and a diagonal matrix D such that A = SDS™!.
[Answer]
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23. True or False: Consider the matrix

1 2 3 4
A - 2 —2024 —-2024 3
3 —2024 —2024 2
4 3 2 1
All eigenvalues of A are real and A is diagonalizable.
[Answer]
24. Let A= SDS™! where
1 4 -2 0
=l o] 4]
Find the eigenvalues of A% and a basis for N(A? — 41).
[Answer]
25. True or False: Consider the matrix
2 0 2 4
020 2
A= 0020
000 2
Then A is diagonalizable.
[Answer]
26. Let A be a 3 x 3 symmetric matrix with eigenvalues \y = —3, Ay = —1, \3 = 5 and
corresponding eigenvectors vy, vy, v3 where
—1 1
V) = 0 Vo = —2
1 1
(a) Find vs.
(b) Determine P and D in the orthogonal diagonalization PDPT of A.
(c) Determine the eigenvectors, and corresponding eigenvalues, for A~1.
[Answer]

27. Let @,y € R" such that (x,y) = 0 and ||z| = ||y|| = 3. Let A = zy”.
(a) Compute |z + 2y
(b) Determine rank(A).
()
)

(d) Is A diagonalizable? Justify your answer.

Determine || Al|.
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[Answer]

28. Calculate A2 4 245 for the matrix

_glt Oy
A_U{O_SPI

where U is an orthogonal matrix. (Note: your answer should depend on U.)

[Answer]

Singular Value Decomposition

1.

True or False: Suppose A = PYXQT is the singular value decomposition of A such that
() is a permutation matrix. Then the columns of A are orthogonal. (Recall that a
permutation matrix is any matrix obtained from the identity matrix by permuting the
rows. )

[Answer]

. True or False: Suppose A = PYQ7 is the singular value decomposition of A such that @

is a permutation matrix. Then the rows of A are orthogonal. (Recall that a permutation
matrix is any matrix obtained from the identity matrix by permuting the rows.)
[Answer]

Counsider the matrix

1 2 3 1
1| -1 2 -1 -3
A‘é -1 2 1 3
1 2 -3 -1

(a) (5 marks) Compute the condition number of A. (Hint: consider AT A not AAT.)
(b) (5 marks) Find a unit vector « such that ||Azx|| = ||A].

[Answer]
4. Find the singular values of the matrix
2 0 1
e R
-2 -1 0
[Answer]
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d.

10.

11.

Let A be a 4 x 4 matrix with singular value decomposition A = PXQ” where

P=|p, py P3 Py Y=

S O O ot
O O NN O
O = O O
o O O O

Q

Il

Q

=

Q

[N}

Q

w

)

Ny

Let ¢ = g, + g, + g3 + q,. Compute ||Az||.
[Answer]

Compute the singular value decomposition of the matrix

1 1 1
A=1]1 -1 -1
1 1 -1

Note: the characteristic polynomial of both AAT and ATA is (x — 1)(z — 4)%.
[Answer]

Suppose A is 4 x 4 matrix such that AT A has eigenvalues
AM=10, =4, \3=3, y=1

with corresponding (unit) eigenvectors qy, q,, g5, 4. Let v = 2g; — 5q;. Determine
[Av].
[Answer]

. Suppose A is 4 x 4 matrix such that A7 A has eigenvalues

M=10, Aa=4, \s=3, Ay =1
with corresponding (unit) eigenvectors qy, q, g5, q,. Let v = 2q, +¢q,. Determine || Av||.

[Answer]

Suppose A is a 5 X 5 symmetric matrix with eigenvalues 5,2,0, —1, —6. Determine ||A||.

[Answer]
Find all possible values ¢ such that ||A|| = 3 where
1 —c
=)
[Answer]
True or False: If A is any matrix then || A| = || AT]|.
[Answer]
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12. Let A be a matrix with the singular value decomposition A = PXQ" where

1/2 0 —-5/6 /2/6

1 2 =2 30 00
1 B 12 V22 176 —v/2/3
S RS Bl AR Bl BV ERv g ¢

1/2 0 /2 V2/2

(a) Determine [|A]|.
(b) Find a basis of R(A).
(¢) Find a basis of N(A).

[Answer]

13. True or False: Suppose A = PYQT and B = PX,Q7 are the singular value decom-
positions of m x n matrices A and B. In particular, both matrices P and () are the
same in both decompositions but the singular values may be different 3; # ¥5. Then

A+ Bl = [[All + || B]|

[Answer]
14. Find a unit vector & such that ||Ax|| is as small as possible for the matrix
2 0 -1
A= 0 2 1
-1 1 2
The characteristic polynomial of A is ca(z) = (2 — z)(2? — 4z + 2).
[Answer]
15. Compute ||A| for the matrix
1 1 1
1 0 -1
A=11 2 o0
0 1 -1
[Answer]

16. True or False: Let A be an invertible matrix. If X is an eigenvalue of AT A then \ is a
real number and A > 0.
[Answer]

17. True or False: If A = PXQT is the singular value decomposition A then ||A|| = ||X]|.
[Answer]
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18.

19.

20.

21.

Suppose A = PY1QT and B = PY,QT are the singular value decompositions of A and B
such that the orthogonal matrices P and () are the same in both decompositions however
Y1 and X, are given by

10 0 0O 700
0 0 5 0 01
Determine ||A — B||.
[Answer]
. : 1 2
Consider the matrix A = [ 1 9 ] .
(a) Find the singular value decomposition of A.
(b) Sketch the set of points { Az : ||z| = 1}.
[Answer]
Compute cond(A) for the matrix
1 1 -1
A=1|1 0 O
1 1 1
[Answer]
Let
0 -6 0 -2
A=10 0 3 T = 2
2 0 0 1
(a) Compute the condition number of A.
(b) Compute ||Az||s and ||Az];.
(c) Give an example of a 2 x 2 matrix B such that B? = I and cond(B) # 1.
[Answer]
3 —1
22.LetA—[3 1}.
(a) Compute the singular value decomposition of A.
(b) Find || A]J|.
[Answer]
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23. Let A have the singular value decomposition A = PY.Q” where

1 1 1 1 3000 0100
11 -1 1 -1 0200 1000
P*§11—1—1 Z*0010 Q*0001
1 -1 -1 1 0000 0010

(a) Find ||P|.

(b) Find the dimension of the null space of A.
(c) Compute ||[ATAAT AJ.

[Answer]
24. True or False: The following matrix is diagonalizable
1 2 3 4
056 7
A= 0038 9
0 0 0 10
[Answer]
2 =2
25.LetA—[1 11.
(a) Compute the singular value decomposition of A.
(b) Find || A]|.
[Answer]

26.

27.

28.

True or False: Let A be an n xn matrix. If all eigenvalues of A are positive real numbers,
then ||A|| equals its largest eigenvalue.
[Answer]

Give an example of 4 x 4 matrix A such that R(A) = N(A), and compute its SVD
expansion.

[Answer]

Let A be a 3 x 3 matrix and suppose AT A = QDQT where ( is orthogonal and

D=

S O W
oS ot O
-~ O O

(a) Find the singular values of A.
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(b) Determine the condition number of AT A+ (AT A)?+ I (where I is the 3 by 3 identity
matrix).

(c) Find the singular values of (AT AAT)~L.

[Answer]
29. Compute the singular value decomposition of the matrix
1 2
A= -2 1
3 1
[Answer]

30. True or False: If A is a real symmetric matrix, then its orthogonal diagonalization is
identical to its SVD.
[Answer]

Principal Component Analysis

1. True or False: Let X be a (normalized) data matrix, let & be a row of X, let w; be the
first weight vector of X and let ws be the second weight vector of X. If (@, w;) # 0 then
(@, ws)| < .

[Answer]

2. Find the weight vectors w; and ws for the dataset displayed below

2.0
1.5 4
1.0 & & L
0.5 A
0.0 A L L L
—0.5 1

-1.0 A

—1.5 A

_2.0 T T T
-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

[Answer]
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3. Find the weight vectors w; and ws for the data points:

(—=2,0), (-1,1), (0,1), (1,-1), (2,—-1)

[Answer]

4. Find the first weight vector w; for the dataset displayed below:

1.0 A

0.5 +

0.0 ~

—0.5 1

—1.0 41

—-1.00 -0.75 -0.50 —-0.25 0.00 0.25 0.50 0.75 1.00

[Answer]

5. True or False: Let X be a n x p (normalized) data matrix and let x; and x; be two
different rows of X such that (x;, ;) = 0. If w; is the first weight vector of X and
(x;, wy) =0 then (z;, w,) = 0.

[Answer]

6. True or False: Let X be a n x p (normalized) data matrix and let x; and x; be two
different rows of X such that |x;|| < [|;||. If w; is the first weight vector of X, then
(@i, wi)| < [{@;, w1)]-

[Answer]

7. True or False: Let X be a n x p (normalized) data matrix, let &; be a row of X and let
w be the first weight vector. If ||a;|| > 0 then |(z;, w;)| > 0.
[Answer]

8. True or False: Let X be an x p (normalized) data matrix, let ; be a row of X and let
w; be the first weight vector. Then |(x;, wq)| < |||
[Answer]

9. True or False: Let X be a n X p (normalized) data matrix with p > 2, let x; be a row
of X, let w; be the first weight vector, and let wy be the second weight vector. Then
(5, wa)| < [(@5, w1)l.

[Answer]
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10.

True or False: Let X be a n x p (normalized) data matrix, let &; be a row of X and let
w; be the first weight vector. Then (x;, w) > 0.
[Answer]

Power Method

1.

2.

Let A be a 3 x 3 matrix such that A is not a diagonal matrix and the eigenvalues of A
are \; = 1, Ay = 1/2 and A3 = —6. Let &y € R3 be a random nonzero vector and let
x, = A *xy. Determine the (most likely) value ¢ such that

M —c as k— o0
<xk'7 mk’)
[Answer]

Use at least 3 iterations of the power method to approximate the dominant eigenvalue
and corresponding eigenvector of the matrix

P )

11
A= |11
0 1

[Answer]

Discrete Fourier Transform

Complex Numbers, Vectors and Matrices

1.

True or False: If A is a complex hermitian matrix then the diagonal entries of A are real
numbers.
[Answer]

True or False: Let vy,...,v,, € CV be complex orthogonal vectors and let A be the
matrix with vy, ..., v,, in the columns

A= vy - v

Then AT A is a diagonal matrix.
[Answer]

. Does there exist a 2 x 2 complex unitary matrix U of the form

o-[c ]

such that 22 +y? = 0? If yes, find an example. If no, prove why no such matrix exists.
[Answer]
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4. Find all 6 € R (if any) that solve the equation

e =21 4T
22
[Answer]
5. Compute ||ul| for the vector
141
u=|1-1
3
[Answer]
Discrete Fourier Transform
1. True or False: If DFT(z) = DFT(y) then = = y.
[Answer]

2. True or False: Let x,,z; € RY and let y; = DFT(x;) and y, = DFT(x,). If (x1, 22) =
0 then (y;,y,) = 0.
[Answer]

3. True or False: Let ®;,z; € RY and let y; = DFT(x;) and y, = DFT(z2). Then
(T1,22) = (Y1, 9)-
[Answer]

4. True or False: Let x € RY such that x[k] > 0forallk =0,...,N—1. Let y = DFT(x).
Then y[0] > 0.

[Answer]

5. Determine the inner product (x;,xs) for vectors x;, x> € R® given the discrete Fourier
transforms

1 0
144 1—9i
0 3
DFT(z,) = 2__12 DFT(z,) = [1)
24 0
0 34
11— |14 2i |

Hint: LFyFy = 1.
[Answer]
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Sinusoids

1. Compute DFT(x) where © = 5 cos(4nt + m/2) € C3. Recall, the vector ¢t is

t=1[0 1/8 1/4 3/8 1/2 5/8 3/4 7/8}T

2. Let y € C?® such that

1
0
2 — 2
1+iv3
0
1—iv3
24 2i
0

[Answer]

Find values Ay, Ay, Ag, k1, k2, ¢1, ¢ such that y = DFT(x) where x is of the form

xr = Ao +A1 COS (27T]€1t+ §b1> +A2 COS (27T/{32t+¢2) 3 ]{31 < ]{72

Recall t € CV is the vector

0
1/N
2/N

(N —:1) /N

[Answer]

3. Let € R'® such that y = DFT(x) where y[0] = 8, y[4] = y[12] = 4, and all other
entries of y are zero. Sketch the stemplot of x.

4. Match the signal with its discrete Fourier transform.
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Signal 1

6 2’0 4’0 6’0 8’0 1(’)0
Signal 2
5 g
N Mﬂ“ﬂ“ﬂ»ﬂ»ﬂ“ﬂ“ﬂ
-2 T T T T T T
0 20 40 60 80 100
Signal 3
2
=2 T T T T T T
0 20 40 60 80 100
Signal 4

ol ey artitee _.'rTﬂmmTh. .ﬂTm mTT'r._ oMy, -
L S A

0 2’0 4’0 6’0 8’0 1 60

Magnitude of DFT A

100 A
L L]
0 o-eoe 000
0 20 40 60 80 100
Magnitude of DFT B
100 A
50
Lol e
0 20 40 60 80 100
Magnitude of DFT C
100 A
50 1
.| I !
0 20 40 60 80 100
Magnitude of DFT D
100 A
50
Lo )
0 20 40 60 80 100
Signal 1 = DFT Signal 2 = DFT
Signal 3 = DFT Signal 4 = DFT
[Answer]

5. Compute y = DFT(z) for the signal € R!® displayed in the figure below:
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1.5

1.0

oo LI T T T

-0.5

x[n]

Hint: write & as a sum of sinusoids.

[Answer]
6. Give an example of a vector € R'® which satisfies both conditions:
e x[k] =1or x[k] = —1 for each k =0,...,15
e y[0] = y[8] =0 where y = DFT(x)
You may write out the entries of « or sketch a stemplot.
[Answer]
7. True or False: (cos(27kt), cos(2mlt)) = 0 for any integers k # /.
[Answer]

8. The figure below is a stem plot for a real vector y € RY. Write & as a sum of sinusoids
where y = DFT(x).

100

75 A

50 -

25 1

[Answer]

9. Consider the vector

3v/3 + 3i
0

—24 2

—2—-2

0
[3V/3 — 3i]
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(a) Find values Ag, Ay, Ag, ki, ka, ¢1, @9 such that y = DFT(x) where

x = Ap + Ay cos(2mkit + ¢1) + Az cos(2mhkat + ¢o)

Recall t € CV is the vector

0
1/N
2/N

(N —:1)/N |

(b) Plot the magnitude and phase stemplots of y.

o4

[Answer]



Answers

Linear Systems

Solving Linear Systems

1. False
2. Unique solution for k # 7
3. False

4. False

LU Decomposition

1. (a)

1 0 0 0
-1 1 0 0
L= 2 0 1 0 U=
3 0 —2 1
(b) det(A) = —-24
2. True
3. (a)
1 0 0 0
4 1 0 0
L= -2 1 1 0 U=
1 3 =2 1
(b) det(A) =6
4. (a)
1 0 0 0
—4 1 0 0
L= -3 1 1 0 U=
2 —1 —4 1

%)

S O O

o O O

S O N

S = O N

> = = O

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]|

[Problem]

[Problem]|



(b) det(A) = —12

[Problem]
5. False
[Problem]
6. False
[Problem]
7. True
[Problem]
8. (a)
10 0 0 -4 3 -3 1
1 10 O 04 5 -1
L= -4 -3 1 0 U= 00 5 -1
-3 3 -1 1 00 0 —4
(b) det(A) =320
[Problem]|
9. True
[Problem]|
10. (a)
1000 -3 21 0
2100 021 -1
L= 0210 U= 00 2 —4
-10 5 1 000 -3
(b) det(A) =36
[Problem]
11.
87.5
| 60
| =37
50
[Problem]
12.
1 00 1 -2 2 1
L = 210 U=|10 =2 2 1
-3 11 0 00 —3
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13. False

14. True

15. If m < n then ™™2=Y If 1 > n then _”(”2*1)

2

16. True
17. (a)
10
L= Y]

(b) d=ca and e = cb

18. Under construction

19. (a) det(A) = —6
(b)

(c) =7/2

Matrix Norm and Condition Number

1. True

2. [|4]l = max || A= = 10

3. True

57

+ (m — n)n.

1 a b
0 d—ca e—cb

—7/2

[Problem]|

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]|

[Problem]|

[Problem]

[Problem]|

[Problem]|



10.

11.

12.

13.

14.

. cond(A) = 1

. cond(A) =3

C=6

(a) [[All = Va* + b
(b) cond(A) =

. False

. True

False

True

|A|]| =1 and cond(A) =1

Interpolation

1. A = polynomial, B = cubic spline

2.

(a) b4:O,c4:1,a4:—2

|

01
10

[(1) 192

58
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[Problem]|

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]|

[Problem]|

[Problem]|

[Problem]

[Problem]

[Problem]|



0]

o
I
S =k o

cpt) =123+ -2t +1),reR

. False

. BN — 3 equations

10.

11.

0 1
1 0 .
0 —1 -
-1 0
13 1 1
t)=—+ =t* — =¢3
Pt =3+5" —3
d3—10, C4:—47
1
0
o= |-
0
1
a2bh2

59
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Sl

dy =13

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]|



12.

13.

14.

15

16

Under construction

p(t) =1—1t+2t3

. Yes, since we have 3N — 1 equations for 3N unknowns.

. Yes, since the rank of the coefficient matrix is 3.

17.

18.

19

. True

20.

21.

Under construction

22.

by =0, bs = —3,

3 3 1

ty==+"t— -t

pt) =5+t -7
+

@+ (e 4

p(t) =2 —2t + ¢

60

Ceg = —24

[Problem]

[Problem]|

[Problem]|

[Problem]

[Problem]

[Problem]|

[Problem]|

[Problem]|

[Problem]

[Problem]

[Problem]



23. False

[Problem)]
24.
p(t) =3t —t* — 2t + 1
[Problem|
25. .
/p(t)dt:19
0
[Problem]
26. (a)
1 00 0 Of|do 2
111 1 1 dy 3
12 4 8 16| |dy] = |2
1 39 27 81| |d; 5
000 0 1 dy 0

(b) We know dy = 0 from the last equation, and so we may effectively remove that
equation and dy. The remaining 4 x 4 system is invertible since the t-values 0,1, 2, 3
are distinct and the corresponding matrix is a Vandermonde matrix.

27. Under construction

29.

Orthogonality
Subspaces

1. Not a subspace

[Problem]|

[Problem]|

[Problem]

Ccl = 15, Cy = O, dl =1

[Problem]

[Problem]|
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2. span{uy, uz} # span{ug, us}

[Problem]|
3. c#7
[Problem]
4. c#4
[Problem]
5. False
[Problem]
6. True
[Problem]
7. False
[Problem]
8. True
[Problem]
9. (a) True
(b) True
(c) False
(d) True
[Problem]|
10. (a)
1 0 0 ©0 -1 10 —6 2
1 1 0 0 0 -2 3 =2 1
L= -3 -3 1 0 U= 0o o0 5 3
0 -6 -1 1 0O 00 0 O

(b) Columns 1,2,4 of A (or columns 1,3,4 or 1,3,5, or 1,2,5) or columns 1,2,3 of L

[Problem]|
11. True

[Problem]|
12. True

[Problem]
13. False

[Problem]
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14. Under construction

[Problem)]
15. True
[Problem]
16. True
[Problem]
17. True
[Problem]
18. (a)
10 O 1 3 4 -1 =2
L=|-3 1 0]|,U= o 5 3 1 2
4 =2 1 0o 0 0 6 5
(b) dim(N(A)) =2 and dim(R(A)) =3
[Problem]
19. Unique solution for z = 9, no solution otherwise.
[Problem]
20. False
[Problem]
21. (a)
1 0 O 1 3 4 -1 =2
L=|-3 1 0]|,U= 0o 5 3 1 2
4 =2 1 o o0 0 0 O
(b) dim(N(A)) =3 and dim(R(A)) =2
[Problem]|
22. True
[Problem]|
23. False
[Problem]|
24. span{u, us} = span{vy, vs}
[Problem]
25. False
[Problem]
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26.

27.

28.

29.

30.

31.

32

33

34.

35.

True

True

True

Yes

. True

. dim(R(A)) =2 and dim(N(A)) =n — 2

(a) {x1, 20, T3, x4}
(b) {x1, T2, x3}.
(c) dimN(A)=0

Not linearly independent, since dim(R(A)) = 2
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[Problem]|

[Problem]

[Problem]

[Problem]|

[Problem]

[Problem]

[Problem)]

[Problem]

[Problem]

[Problem)]



Orthogonal Subspaces
1. False

2. False
3. Under construction
4. False
5. False
6. Under construction
7. Under construction

8. Under construction

Fundamental Subspaces of a Matrix

1. dim(N(A)t) =2

2. dim(R(A)Y) =3

3. dim(N(A)+) =3
4. Under construction
5. Under construction
6. True

7. dim(R(A)Y) =3
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[Problem]

[Problem]

[Problem]|

[Problem]|

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]|

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]



8. Under construction

[Problem]|
9. dim(R(A)*) =2
[Problem]
10.
dim(N(A)) =1, dim(R(A)) = 2, dim(N(A")) = 4, dim(R(AT)) =2
[Problem]
11. True
[Problem]
Orthogonal Projection
1.
1/2 0 0 1/2
0 10 0
P= 0 01 0
1/2 0 0 1/2
[Problem]|
2.
10 0 0
01 0 O
P=10 0 12 172
00 1/2 1/2
[Problem]
3. 2V14
[Problem]
4. 3//11
[Problem]
5. True
[Problem]
6. 1/v/2
[Problem]
7. False
[Problem]
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8

10

11.

12.

. dim(N(P)) =3
. False
1/v/2
Under construction

13.

14

15.

16.

17

(11:3, (12:9,

. False

Under construction

Under construction

. False

18.

10 -6 2 0
1| -6 5 3 0
P= 14 2 3 13 0
0 0 0 14
as = 6, ay = 2, as = 0,
1
_ 1 0
PIO] n(AT) ($> - g 1
-1

67

CL6:4,

[Problem]|

[Problem]

[Problem]

[Problem]

[Problem]

CZ7:14

[Problem]

[Problem]

[Problem]|

[Problem]|

[Problem]

[Problem]



19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

5/1/6
True
V2

False

Under construction
Under construction
Under construction
Under construction
Under construction

Under construction

| =

2
3
-3

—_ = = =

68

3
10
1

— = W

-3
1
10

— = = =

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]|

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]



QR Decomposition

1. True
[Problem]
2.
—1
. 5 1
pro.]R(A)i(’U) 1| =1
1
[Problem]|
3. True
[Problem]|
4.
—1
) 11 -1
pl"OJR(A)L(’U) T 1
1
[Problem]
5.
a=—1/V2, =2/3, c=1/3
[Problem]|
6.
—1
: 3 1
prOJN(AT)(v) Z_l -1
1
[Problem]
7.
0
x=| —3/2
3/2
[Problem]
8.
a=—2/3, b=4/V18, c=-1/V18
[Problem]
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9. Under construction

[Problem]|
10. True
[Problem]
11.
-1/2  1/V/6 344 - 12
/2 2/vV6  1V44
Q1 = Ri= 1|0 V6 0
1/2 0 —3vad 0 0 +I11/2
1/2 —1//6 544
[Problem]
12. V13
[Problem]
13. True
[Problem]
14. True
[Problem]
15.
a=—1
[Problem]
16. True
[Problem]
17. True
[Problem]
18.
2/3  1/V/3 —2/3v2 5 0 o
- | 1/3 0 2/3v2
A== g3 Vs 1sva [8 \/g é]
0 1/V/3 1/V2
[Problem]
19.
(ATA) AT = (RIR\)T'R{ Q1 = R{'(R])T'R{Q{ = Ry'Q]
[Problem]
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20.

21

22.

23.

24.

A= QlR1 =

. True

Under construction

Under construction

Under construction

1/3
0

~9/3

0

2/3

Least Squares Approximation

1.

0
—1/2
1/6
—5/6
1/6

€Tr —=

e e )

€xr =

71

4/\/22
1/v/22

0
_1/\/5
—2/V22

7/4
—5/2
3/2

~1/3

o O O
E, |
N Oy W

o = O

=N

[Problem]

[Problem]|

[Problem]|

[Problem)]

[Problem]

[Problem]

[Problem]|

[Problem]|



I 1
— = = = =

1/2
v {—13/10}
1 —1/10
2/9
x=| —2/3
—5/3
f(t) = g + %t
I 0]
/e 1/e
1/e* 2/e?
1/e3 3/e3 y=
1/et 4/et
1/e® 5/e°

1/3
Projp(ay: (b) = { 1/3 ]

72

~1/3

:»—»—wao:

[Problem]

[Problem]|

[Problem]

[Problem]

[Problem]



—37/6
17/6

xr

10. Under construction
11. Under construction
12. Under construction
13. Under construction

14. Under construction

Eigenvalues and Eigenvectors
Eigenvalues and Eigenvectors

1. Pairs of eigenvalues and corresponding eigenvectors:

(a®, w1), (%, ua),
2. m—n
3. True
4. Under construction
5. True
6.
t(z — 1) ™"
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(O, ’U,3)

[Problem]|

[Problem]|

[Problem]|

[Problem]|

[Problem]|

[Problem]|

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem)]



7. False

8. True

9. False

10. Under construction

11. Under construction

12. Under construction

Diagonalization

1. Yes

5. True

[Problem]|

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]



10.

11.

12.

13.

14.

15.

16.

17.

18.

False

Under construction

.e=—1

Under construction

Under construction

True

False

True

False

No (by finding eigenvectors)

True

5

[Problem]|

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]|

[Problem]|

[Problem]

[Problem]

[Problem]



19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

True

False

Under construction

Under construction

Under construction

Under construction

Under construction

Under construction

Under construction

Singular Value Decomposition

1. True

2. False

3.

(a) cond(A) = 2v2

(b) =

S
= _ o O

A3

76

[Problem]

[Problem|

[Problem]|

[Problem]|

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]



5. || Az|| = V30
6.
1/v2
A= -1/V2
0
7.

8. Under construction

10.

11. True

12. (a) 4] =3
(b)

0'1:\/10, 0'2:\/3,

0'3:1

[Problem]
[Problem]

1v6 1/vV37[2 0 0 0 2/v6 1/v31"
1/v6 1/\/§] {0 2 0] [1/\/5 1/vV6 —1/v/3
2/vV6 —1//3 001 1/vV2 —1/V/6  1/V3

[Problem]

| Av|| = V262

[Problem|
[Problem]
|All =6

[Problem]

c:i\/g

[Problem]|

[Problem]



13. True
14.
1/2
x==+| —1/2
1/V2
15.
9+ 35
)= /2
16. True
17. True
18.
|4— Bl =4
19. (a)
1 11 2v2 0
P=— 2=
V2 [ -1 1 } ’ [ 0 V2 } |
(b) Plot to be added.
20.
1
cond(A) = 5+ V1T
517
21. (a) cond(A) = ||A[|-[|[A7!||=§ =3
(b)
|| Ax]|, = 13, |Ax[[; =19
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[Problem)]

[Problem]

[Problem]

[Problem]
[Problem)]

[Problem]

[Problem|
]

[Problem]

[Problem]



22.

23.

24.

25.

26.

27.

28.

29.

30.

Under construction

Under construction

Under construction

Under construction

Under construction

Under construction

Under construction

Under construction

Under construction

S

Il
1
N O
O~
1

Principal Component Analysis

1. True

2.

Under construction

79

[Problem]|

[Problem]|

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]

[Problem]|

[Problem]

[Problem]

[Problem]



5. False

6. False

7. False

8. True

9. False

10. False

Power Method
l.¢c=2

Discrete Fourier Transform

Complex Numbers, Vectors and Matrices

1. True

2. True

3. Under construction
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12/17

12/17

[Problem]

[Problem]

[Problem]

[Problem|

[Problem]|

[Problem]|

[Problem]

[Problem]

[Problem)]

[Problem]

[Problem]|

[Problem]|



4. Under construction

[Problem]|
5. Under construction

[Problem]
Discrete Fourier Transform
1. True

[Problem]
2. True

[Problem]
3. False

[Problem]|
4. True

[Problem]|
5. 3

<w17 m2> - _g

[Problem]
Sinusoids
1. .

DFT(x) = [O 0 206 0 0 O —20¢ 0}

[Problem]

2 1 1 1
0 8 ) 1 \/57 2 2
and - .
ki =2, ky = 3, ¢1:—Z, ¢2=§

[Problem]
3. Under construction

[Problem]
4.

1 — B, 2—C, 3— D, 4— A
[Problem)]

81



. Under construction

. False

. Under construction

Yy = 880 — 464 — 4812

x = % + 3cos(2m(1)t) + 2cos(2m(5)t)
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[Problem]

[Problem]|

[Problem]|

[Problem]|

[Problem]|
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